We examine the problem of whether a multipartite pure quantum state can be uniquely determined by its reduced density matrices. We show that a generic pure state in three party Hilbert space H A ⊗ H B ⊗ H C , where dim(H A ) = 2 and dim(H B ) = dim(H C ), can be uniquely determined by its reduced states on subsystems H A ⊗ H B and H A ⊗ H C . Then we generalize the conclusion to the case that dim(H 1 ) > 2. As a corollary, we show that a generic N-qudit pure quantum state is uniquely determined by only 2 of its ⌈ N+1 2 ⌉-particle reduced density matrices. Furthermore, our results do indicate a method to uniquely determine a generic N-qudit pure state of dimension D = d N with only O(D) local measurements, which is an improvement comparing to the previous known approach using O(D log 2 D) or O(D log D) local measurements.
I. INTRODUCTION
The task of reconstructing the state of a quantum system by physical measurements, known as quantum state tomography (QST) [1] , is of great importance in quantum information science, such as validating quantum devices and benchmarking [2] [3] [4] [5] [6] . However, for an N-qudit system, the dimension of the state space and, indeed, the number of local measurements for QST, grow exponentially as N increases. This is a fundamental difficulty in performing QST on many-body system. In the past decade, tremendous effort has been devoted to boost the efficiency of QST [7] [8] [9] [10] [11] [12] [13] [14] under different situations.
Naive full tomography, as literally, need D 2 measurements, where D = d N is the dimension of the N-qudit system (d is the dimension of the qudit). For pure states or density operators with low rank, reduced density matrices (RDMs) may contain information to characterize the global system [15, 16] , thus a more promising approach for QST can be implemented as follows: acquiring a set of RDMs by local measurements, then applying post-processing algorithm to reconstruct the state [17] [18] [19] [20] [21] [22] [23] . Usually, we have no knowledge about the system before measurements. Therefore, to adopt this approach, one important criterion must be satisfied, that is, given results of chosen local measurements, the original state should be Uniquely Determined among All states (UDA). It was first proved in [17] that a generic three-qubit pure state is UDA by its two-body RDMs. [20] provided a more general result, showing that a generic N-qudit pure quantum state is UDA by its ⌈ N 2 ⌉ + 1 -body RDMs. [20] also proved that ⌊ N 2 ⌋-body RDMs are not sufficient for uniquely determining a generic N-qudit pure state. However, a gap appears when N is odd: whether N+1 2 -qudit RDMs are sufficient to uniquely determine a generic pure state or not remains open. [23] proved that a generic 3-qudit pure state can be uniquely determined by its 2-qudit RDMs. Hence it is natural to conjecture that for every odd N ≥ 3,
N+1
2 -qudit RDMs are sufficient to uniquely determine a generic pure state. In this paper, the conjecture is proved correct and thus the gap is filled.
Furthermore, we hope the set of local measurements to be as small as possible. [9] gave a protocol to reconstruct low rank r density matrices of N-qubit system using
when the original state is pure, i.e., r = 1, O(D log 2 D) Pauli measurements are needed. [20] provided an approach using ⌊
local measurements to uniquely determine a generic Nqudit pure state. However, a simple parameter counting argument suggests that O(D) measurements could be possibly sufficient for uniquely determining an N-qudit pure state. In this paper, we provide a valid scheme to uniquely determine a generic N-qudit pure state, using only O(D) local measurements.
This paper is organized as follows. In the beginning, we consider a three body system H A ⊗ H B ⊗ H C , where dim (H B ) = dim (H C ). We show in section II that when dim (H A ) = 2, a generic pure state is equivalent to a 'triangular state' under local unitary transformations. In section III, we prove that almost all triangular states can be uniquely determined by its RDMs on subsystems H A ⊗ H B and H A ⊗ H C . The remaining proof is in section IV, which complete the proof by claiming that, the set of states that can not be transformed into a triangular form, or those not UDA via its RDMs on subsystems H A ⊗ H B and H A ⊗ H C , has measure zero.
II. TRIANGULAR FORM FOR STATES IN
Before showing that a generic state is UDA by its RDMs, we have a crucial observation that unique determinability is invariant under local unitary (LU) transformations. Thus we can focus on those states in canonical form under LU transformations. To be more precise, we introduce several notation and concepts, which will be used in later discussion: 
To see why our observation holds, we have the following lemma:
. Similarly, we have Tr B (ρ) = Tr B (|ψ ψ|), which contradicts to the assumption that |ψ is UDA.
It is well-known that for bipartite quantum system, the canonical form is the so-called Schmidt decomposition [24] . For multipartite systems, generalized versions of Schmidt decomposition and classifications of multipartite entanglement have been deeply studied from various aspects [25, 26] . In this paper, we mainly focus on the case of C 2 ⊗ C d ⊗ C d system. We will adopt the lemma used in [27] to study the generalized Schmidt decomposition of C 2 ⊗ C d ⊗ C d quantum system. For sake of the readability, we include the proof for self-contained reading.
We call |φ the triangular form of |ψ .
Consider the following linear isomorphism ϕ :
For a state |ψ ∈ C 2 ⊗ C d ⊗ C d and two unitary operator U, V ∈ U(d) acting on the second and third subsystems respectively. Assuming ϕ(|ψ ) = (A, B), we have
If U AV † and UBV † are both upper triangular matrices, I A ⊗ U ⊗ V|ψ would be in the triangular form of |ψ . The following proposition gives a method on how to find such U and V, and it implies Lemma 2 directly.
Proof. When d = 1, the statement is trivial. Suppose the statement holds when
is not empty. Let |v ∈ ker (A − x 1 B) be a normalized vector and denote |w = B|v . We immediately have |w = 0, otherwise, for every x ∈ C, we have (A − xB) |v = (
Let V 1 , W 1 ∈ U(n) be arbitrary unitary operators such that V 1 |v = |1 and W 1 |w ∈ span ({|1 }) Then we have
It is easily to check that
Thus, the degree of the polynomial det (A ′ − xB ′ ) must be n − 1. By our assumption, there must exist U 2 , V 2 ∈ U(n − 1) such that both U 2 A ′ V † 2 and U 2 B ′ V † 2 are upper triangular matrices. Suppose
where r 1 , θ 1 , r 2 , θ 2 ∈ R.
It is easy to check that U, V satisfies the statement.
For a generic 3-body pure state |ψ ∈
III. REGULAR TRIANGULAR VECTOR
For every state vector |ψ ∈ C 2 ⊗ C d ⊗ C d , its triangular form |φ lies in the manifold
Every vector |ψ ∈ T d can be expanded in computational basis as
where |ψ ij ∈ C 2 and do not have to be orthogonal to each other. Now we consider a subset of T d , whose complement is measure zero set:
Definition 4. We call |ψ a regular triangular vector if |ψ satisfies the following condition
Lemma 3. A generic state vector in T d is regular triangular.
Obviously, η ij and ξ ijk are all measure-zero sets, and hence the set ∆ ≡ {|ψ : |ψ is not regular triangular}
also has measure zero.
A. Regular Triangular Vector is UDA
C be a vector in T d . Consider the projective measurement {P 1 , P 2 } on the third subsystem, where
The vector Tracing out the second particle and doing further calculation on (3.3), we have
On the other hand, by original assumption Tr B (ρ) = Tr B (|ψ ψ|), we have
Comparing (3.4) and (3.5), we must have α = 1. Therefore ρ = |ψ ψ|, i.e., |ψ is UDA.
B. Proof of Theorem 1
Before proving Theorem 1, we introduce a useful observation at first: 
Note that the last step is given by Cauchy-Schwarz inequality. Therefore H − |ϕ ϕ| ≥ 0. If n|H|n = 0, then for every normalized state |b ∈ H B and |m ∈ H A ⊗ H B such that m|nb = 0, we must have m|H|nb = 0. Otherwise, det (|nb nb| + |m m|) H (|nb nb| + |m m|) will be negative, which contradicts to the assumption that H ≥ 0. Thus, H|nb = (I AB − |nb nb|) H|nb + |nb nb|H|nb = 0 for all |b , i.e., H|n = 0.
As the first step to prove Theorem 1, we prove the following proposition.
Note that
However, notice that
there must exist β ≥ 0 such that
Since |ψ is regular triangular, for every
Moreover,
Up to now, we have
we must have
By Proposition 2, we have
By Observation 1, for every i < d, we have i C |ρ|d B i C = 0. Therefore
Up to now, we have finished the proof of the first part of Theorem 1. Consider the operator P 2 ρP 2 . For every i < d, we have d B i C |ρ|d B i C = 0. By Observation 1, we have ρ|d B i C = 0. Furthermore, for every 1 ≤ i, j ≤ d, we have
Since P 2 acts trivially on the second subsystem, we have
On the other hand,
Combining (3.10) and (3.11), we conclude that
and thus the second part of Theorem 1 has been proved.
Proof. Consider the smooth mapping
as the set of states that do not have a triangular form, and
Here we recall that
By Lemma 1, the set
By Lemma 2, ∆ 1 has measure-zero. Since ∆ has measurezero in T d by Lemma 3, we evidently conclude that ∆ 2 has measure-zero in
and indeed,
By Theorem 6.9 in [28] , the set M(∆ 2 ) has measure-zero in
Proof. We have proved the case of p = 2. When p > 2, let
Tr B P ij ρP ij = P ij Tr B (ρ) P ij and Tr C P ij ρP ij = P ij Tr C (ρ) P ij for all i = j. Since P ij is a full-rank linear mapping from We have proved that a generic N-qudit state is UDA by 2 of its ⌈ N+1 2 ⌉-body RDMs. Indeed, if we need to reconstruct a generic N-qudit pure state via local measurements, 2 × d 2⌈ 
